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ABSTRACT 
We consider the mechanical response of random, heterogeneous materials, where each phase is 
elastic-plastic with an associated flow rule, and the microstnrcture’s statistics is homogeneous 
and ergodic. Under proportional monotonic loading, the effective (in the macroscopic sense, or 
overall) elastoplastic response is shown to be bounded from above and below by those obtained, 
respectively, from displacement and traction boundary conditions applied to finite size domains 
(square shaped windows). A scale dependent hierarchy of these bounds is obtained by extending 
the methods used earlier for the elastic moduli estimation: the larger the scale relative to the 
heterogeneity, the closer are the bounds. A fiber reinforced metal matrix composite is employed 
to illustrate the theoretical results. Its constitutive response and plastic strain field are 
investigated by computational micromechanics for different window sizes under both types of 
boundary conditions; it is found here that the displacement conditions result in denser and more 
uniformly distributed slip band patterns, while the traction conditions lead to more localized 
fields. We also investigate a mixed boundary condition, under which the mechanical response of 
composite is found to fall between those under displacement and traction controlled boundary 
conditions. 
Key words: scale and boundary conditions efects; B: fiber-reinforced composite material; C .  




The subject of effective (in the macroscopic sense, or overall) response of elastoplastic 
composites dates back to Sachs (1928) and Taylor (1938). However, it came into focus of 
extensive studies in the eighties and nineties - this was made possible by the groundwork laid by 
the progress of micromechanics of elastic materials and the advancement of computational 
mechanics. Thus, all the works can, basically, be classified in three categories: (i) rigorous 
bounds on the effective response, (ii) effective medium estimates, and (iii) computational 
mechanics models. 
In the first category, we mention the works of Accorsi and Nemat-Nasser (1986) and Teply 
and Dvorak (1988) on bounds of instantaneous elastoplastic moduli for composites with periodic 
microstructures. The subsequent progress for more general composites is illustrated by the 
studies of Ponte Castafieda (1992) and, most recently, by Talbot and Willis (1998), for example. 
An excellent review of various methods was given by PonteCastafieda and Suquet (1998). The 
works in the second category are exemplified by Li and PonteCastafieda(1994); see also 
references therein. Studies in the third category focused on the effective response of periodic and 
disordered microstructures, e.g., (Brockenbrough et al., 199 1 ; Moulinec and Suquet, 1994, 
1998). Various other interesting results were obtained on the effects of shape of inclusions (Shen 
et al., 1995), and random fiber arrangement geometries (Werwer et al., 1998). 
Clearly, all these research categories are, in a following sense, mutually complementary: 
the first one studies bounds on response of the RVE, while the second and third obtain 
quantitative results on the actual RVE, oftentimes under a restrictive assumption of spatial 
periodicity of the composite material. By the RVE we mean here the so-called Representative 
Volume Element of continuum mechanics. Indeed, the RVE concept in the sense of Hill (1963) 
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is the motivation of the present work. Namely, we want to investigate the effects of scale and 
boundary conditions for domains of the material finite relative to the size of the heterogeneity, 
and thereby to assess the approach to the RVE. 
Our strategy in finding the scale-dependent bounds on the elastoplastic constitutive 
response is analogous to that employed for the linear elastic case (Huet, 1990; Sab, 1992; Ostoja- 
Starzewski, 1993). The main idea is to employ the boundary conditions and the extremum 
principles. It can then be shown that, under proportional monotonic loading, the elastoplastic 
responses under displacement and traction boundary conditions provide scale dependent upper 
and lower bounds, respectively, for the true effective elastoplastic response. As a result, the 
larger the scale of the test domain (called a window) relative to the heterogeneity, the closer are 
the bounds. A fiber reinforced metal matrix composite is employed to illustrate the theoretical 
results. Its constitutive responses and plastic strain fields in shear tests are investigated by 
computational micromechanics for different window sizes under various types of boundary 
conditions - displacement, traction and mixed. However, the determination of the yield function 
is beyond the scope of this paper. 
2. PROBLEM FORMULATION 
We consider composite materials characterized by one microscale, such as the diameter d 
of inclusions; fractal geometries are excluded. All the fibers are aligned, so that our problem is 
one of plane strain in the transverse XI , x2 -plane. In principle, any sample of the composite is 
disordered but not random - it represents a deterministic realization B(w)  of a random medium 
B = { B (a ); a E R } , where Q is a sample space. In order to generate a field of round disks 
(fiber sections), we employ a Poisson point process for the disk centers subject to a sequential 
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inhibition rule: throw Poisson points onto a plane and keep only those which fall no closer than 
1.1. d to any previous ones. This condition prevents the touching of disks, so as to obviate, in 
our computational mechanics study, the problem of very narrow necks between disks. 
Any realization B(w) of the composite B (set of all B(w) ’s) is, in the first place, described 
by a characteristic function x,( x,o) taking the value 1 in the region occupied by material of 
type p and 0 elsewhere. The constitutive response of each phase p ( =  1, ..., pror ) is elastic-plastic- 
hardening with the plastic regime following the associated flow rule (Hill, 1983) 
do,’ df, 
&, ’= - + 2-df, whenever f p  = cp  and d f p  2 0 
2GP ao, 
do,’ 
2G, fP CP 
&.. ’= - whenever 
1-2Vp 
2G, (1 + V p ) 
dc = d o  everywhere (dc = d q i  13, do = doii 13) 
where primes indicate deviatoric tensor components, and there is no summation over p .  Thus, 
G, , v, and c, form a vector 0, = { G p  , v p ,  c p  }, whose each component gives rise to a random 
field, such as 
P 
G ( ~ , w ) =  p=l f G P  x P ( x , w ) ,  W E  R 
All together, we have a random field 0 = {G, v , c }  . The Poisson point process for the disk 
centers is homogeneous (invariant with respect to arbitrary shifts in the XI, x2 -plane), and has a 
mixing property, which is known to be a sufficient condition for it to be ergodic (Stoyan et al., 
1987). As a result, the vector-valued random field 0 = {G,v , c } ,  is homogeneous and ergodic, 
too. 
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We want to ascertain the overall properties of the composite material in a window of size L,  
such as those shown in Fig. 1. Of course, windows of size L + = yield the pointwise limit of 
local properties, while windows of finite size define a scale over which some ‘smearing out’ is 
conducted. In the following we shall study this smearing out as a function of a nondimensional 
window scale 
L 
d a=- (2.3) 
and, following Huet (1990), shall call the window’s properties apparent, rather than eflective. 
The latter adjective is reserved for the 6 + = limit, in which, given the statistical homogeneity 
and ergodicity of the material, the response for every specimen B ( o )  of a random medium B 
should be identical. Of course, when considering finite 6 values, the response is not 
deterministic, so that the window represents a mesoscale Statistical Volume Element (SVE). The 
limit L l d  + 00 in (2.3) is understood in the sense of the homogenization theory (e.g., Sanchez- 
Palencia & Zaoui, 1987; Sab, 1992): x + G(x) = G ( x / & )  = G(y), where x and y are the so- 
called slow (macroscopic) and fast (microscopic) variables, and E is a small parameter, 
reciprocal of our 6 = L /  d (in the sections that follow E denotes strain). This limiting process is 
schematically illustrated by a sequence of (a) and (b) in Fig. 1. 
3. HIERARCHY OF BOUNDS 
It is well known that, for linear elastic heterogeneous materials, all the necessary and 
sufficient conditions of the equivalence between the energetically and mechanically defined 
effective properties of elastic materials are contained in the so-called Hill condition (Hill, 1963) 
7 
This condition means that the average of the product of the stress and strain tensors equals the 
product of their averages. In this paper, we use bar over a quantity to denote its volume average 
and reserve ( )  to denote its ensemble average. It was shown by Huet (1981, 1982, 1984, 1990) 
that for an unbounded space domain, (3.1) is trival, but for a finite body it imposes important 
restrictions on the boundary conditions. 
Recently, Hazanov (1998) generalized (3.1) to nonlinear heterogeneous materials, and for a 
static case, there is 
lo: dE = JO: dE @ ( t  -0.  n) * d(u -i .  x) dS = 0 (3.2) 
where aB, is the boundary of a given window B, of size 6.. From (3.2), one can obtain three 
kinds of boundary conditions. They are 
(i) kinematic uniform boundary condition (or displacement controlled boundary condition) 
- 
U = E * X ,  VXE dB, (3.3) 
(ii) static uniform boundary condition (or traction controlled boundary condition) 
- 
t = o . n ,  Vxe aB, (3.4) 
(iii) mixed uniform boundary condition 
( t - O * n ) . ( u - E . x ) = O ,  V X E  aB5 (3.5) 
It is known that, under proportional monotonic loading, effectively, strain-hardening 
elastoplastic composites can be treated in the framework of deformation theory, which is 
formally equivalent to physically nonlinear, small-deformation elasticity. We assume that this 
equivalence also holds for apparent elastoplastic response, and in the following, we study the 
apparent properties for generally nonlinear elastic composites. The results obtained can be used 
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in apparently elastoplastic response analysis of a composite whose phases behave in a strain- 
hardening way . 
Taking all the phases of the composite as nonlinear elastic, the constitutive behavior of any 
individual phase is governed by a strain-energy function w(&), so that (Ponte Castaiieda and 
Suquet, 1998; Willis and Talbot, 1990) 
o=- a w w  
a& 
Corresponding to w , there is a complementary energy density function w* 
* w = o : & - w  
such that 
(3.6) 
The functions w and w* are dual potentials. 
The following proof procedure is similar to that by Huet (1990). Consider a partition of the 
2 window B,(m) of scale 6 into n2 smaller square-shaped sub-windows Bi., s = 1,2, ..., n , of 
sizes 6’= 6 / n .  We define two types of boundary conditions, in terms of a prescribed strain so, 
2 
over the large window with any given microstructure B,(w) = uE1 B,,(o) : unrestricted 
and: restricted 
2 s = 1,2, ..., n 0 ui = & . . x .  x E aB,,, 




Superscript r in (3.10) indicates a 'restriction'. The classical minimum theorem of the potential 
energy for elasticity without volume forces states that, among the set {EYE} of all admissible 
solutions, the functional 
rI(E) = j w(Eu)dV - jdBB t i U @  (3.11) 
is a minimum for the true solution (E,u)  , where aBi stands for that part of aBs on which the 
traction vector t is prescribed. 
In general, we have, for any body 
aBs = aB; u aB; 
where aB,d is that part of aBs on which the displacements are prescribed. 
(3.12) 
Because under (3.9) and (3.10) aBs = aB,d and aBk = Q, the potential energies n(w) and 
rI'(u) (i.e., unrestricted versus restricted conditions) stored in B, are 
n(o) = W(W;E') and ~ ' ( c o )  =W'(O;E') (3.13) 
where 
W(W;E')  = IwdV and W'(O;E') = Jw'dV (3.14) 
In view of the principle of minimum potential energy, the following inequality holds 
W ( W ; & ' )  IW' (0;E ' )  (3.15) 
If we denote W ( E ~ , ~ )  as the strain energy of an RVE with partitioning by windows of size 
6 under displacement controlled boundary condition, then from (3.15) we have 
W ( ~ o , A ) I W ( ~ o , 6 ) I W ( ~ o , 6 ' ) I W ( & o , I ) ~ W v  for I c 6 ' < 6 < A  (3.16) 
where A is the RVE size, and W(&',I) stands for the strain energy of an RVE when the partition 
is by the smallest window whose size is of a single fiber. This corresponds to the assumption 
10 
(3.18) 
Voigt used, i.e., that the strain is uniform everywhere in the material. This is why we denote 
W(eo,I)  by W v  . The volume averaging form, or strain energy density satisfies 
w ( 8 , A )  I w(e0,6) I w(E',~')  I w(&',I) = wv for I < 6'c 6 < A (3.17) 
Next let us introduce two traction boundary conditions on B,(w) : unrestricted 
X E  aB, 0 t .  = ('J..n. 
1 LJ J 
and: restricted 
(3.19) 2 X E  aB& s = 1,29... ,n 0 ti' = o p j  
The principle of minimum complementary energy states that, for the real field o ( x )  solution of 
the problem, the functional 
n*(B) = J w*(B)dV - JaBgd tjuidS 
is a minimum among the values it takes for every stress field B ( x )  in B, that is admissible. 
(3.20) 
Because dB, =aBi and aB,d = $, the potential energies n*(o) and n*'(o) (i.e., 
unrestricted versus restricted conditions) stored in B, under conditions (3.18) and (3.19), 
respectively, are 
n*(o) = W * ( L O ; G ~ )  and ~ " ' ( c o )  =W*'(O;O') (3.21) 
where 
W*(O;O') = Jw*dV and W"'(o;oo)  = Jw*'dV (3.22) 
The principle of minimum complementary energy implies that, the complementary energies 





w*(o;oo) <W*'(o;oo)  (3.24) 
If we denote W*(oo,6)  as the complementary energy of an RVE with partition by windows of 
size 6 under traction controlled boundary condition, then from (3.24) 
W*(cro,A) I W*(oo,6)  I W * ( o o , 6 ' )  I W*(oo,I)  = W*R for I < 6'< 6c  A (3.25) 
W*(oo,I)  stands for the complementary strain energy of the RVE when the partition is by the 
smallest window whose size is of single fiber. This corresponds to the assumption Reuss used, 
i.e., the stress is uniform everywhere in the material. This is why we denote W*(oo, l )  as W * R .  
The volume averaging form, or complementary energy density satisfies 
w * ( o ~ , A )  I w*(o0,6) IW*(O~,~') I w*(o~,I) 3 w * ~  for I c 6 < A (3.26) 
Because the composite is ergodic, eqs. (3.17) and (3.26) can also be interpreted as the hierarchy 
structure in ensemble average sense 
( w ( 8 , A ) )  I (w(E',&)) 5 ( w ( E ~ , ~ ' ) )  5 (w(&O,I)) = wv for I <6'c6<  A (3.27) 
and 
(w' (oO , A)) I (w* (GO, 6)) I ( w * ( c T ~ ,  6')) I (w* (oo , I ) )  = w * ~  
with w(s0,6) and w*(cJ', 6) representing the quantity of an arbitrary window of size 6 , which 
may be placed anywhere in the whole material domain of any random sample. 
for I < 6'< 6 < A (3.28) 
In the above equations, we use E' and d instead of and 0,  because under kinematic 
boundary condition, 
(3.29) - 0  & = &  
which is called a strain averaging theorem, and under traction boundary condition, 
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0 - o=cT (3.30) 
which is called a stress averaging theorem. 
It must be pointed out that the hierarchy structures shown in eqs. (3.27) and (3.28) are only 
proved for 6 = n8'; n is integer. We would like to generalize this inequality to an arbitrary pair of 
meso-scale windows with 6'< 6. This generalization can be done by the method of contradiction 
such as that in (Ostoja-Starzewski, 1999a), which is for a linear elastic composite. Because the 
proof procedure there is quite general, it can be used here without major modification. We will 
not repeat the proof here. 
Even though (3.27) and (3.28) are proved for nonlinear elastic composites, based upon the 
argument at the beginning of this section, they can be used as guidelines in the elastoplastic 
response analysis. 
When the material property of phase (one or both) is nonlinear elastic in a particular form 
as that in Kroner (1994), i.e., 
cT= Z : C , f ,  & = CSncT" 
n z l  n=I  
(3.3 1) 
where C, and S, represent the nth order elastic constants, the corresponding strain energy 
density and complementary energy density, respectively, are 
cn+l 
n-1 n + l  n=1 n + l  
w =  CCn--, w* = csn- (3.32) 
It is reasonable to assume the energy forms of the window in eqs. (3.27) and (3.28) to be 
for apparent properties, and 
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(d y + I  
w(&O,A) = CCiff - (EOy+I , w(oO,A)= Lsiff n + l  
n=I n + l  n=I 
(3.34) 
for effective properties. Superscripts d and t indicate the associated boundary conditions are 
displacement and traction controlled boundary conditions, respectively. Because E' and d are 
arbitrary, substitution of eqs. (3.33) and (3.34) into eqs. (3.27) and (3.28) yields 
c," = (Cf,J 2 (Cf,,,) 2 (CfJ) 2 qff , V6'< 6, n = 1,2 ... (3.35) 
which are the structures obtained by Hazanov (1999). The comparison of tensors is understood in 
terms of quadratic forms. This means that, for two fourth rank tensors C and D, the assumption 
C 2 D implies that 
(C - 0)  : a : a 2 0 for any tensor aij $ 0  (3.37) 
When the material is linear elastic, we have 
1 I 
2 2 
W(EO, 6) = --E0 : c,d : E0 , w* (GO , 6) = -8 : s; : Go (3.38) 
for apparent properties, and 
(3.39) w(EO,A) =-E' 1 : Ceff : E 0 w*(o',A) =-d 1 : S g f f  : CF 0 
2 2 
for effective properties. Because of ( S e f f  )-I = Ceff ,eqs. (3.27) and (3.28) can be reduced to 
which is the structure obtained in Huet (1990) and Ostoja-Starzewski (1993). 
Inequalities (3.27) and (3.28) are proved in potential forms. Next, Following Hill (1983), 
we restrict our attention to existing strain and stress state in which increments of plastic strain are 
constrained to be of order 1 / E x  the stress increments. Let ( d ~ ~ , d & ~ )  be the actual increments 
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of stress and strain produced by given external stress increments dti over aB,, or by given 
external kinematic increments over aBs . 
We define the incremental modulus under displacement boundary condition through 
- - 
do = Cid : d& = Cid : dE0 (3.41) 
and incremental compliance under traction boundary condition through 
- 
d&= SF : do = SF : doo (3.42) 
Again, superscript 'd' and 't' indicates that the quantity is obtained under kinematic and traction 
boundary conditions, respectively. Superscript 'I" indicates the associated tangent quantity. 
Here without proof, we conjecture that, in elastoplastic problem, for work hardening 
composites, under monotonically proportional loading, there is a hierarchy of bounds on the 
effective tangent stiffness tensor cTef 
CTS = ( S  ) = { S 1  ) TS -1 Tt -1 
V6'< 6 (3.43) 
where CTd is obtained when 6 = I (size of a single fiber) under the assumption Taylor used 
(1938), i.e., the strain rate is uniform everywhere in the material. This is why we denote (C:d> 
by Cn; SF is obtained when 6 = I under the assumption Sachs (1928) used, i.e., the strain is 
uniform everywhere in the material. This is why we denote (SF) by STs .  In (3.44), the first 
superscript of each quantity is T, which indicates tangent modulus, as has been defined 
previously. 
The linear apparent elastic property under mixed boundary condition (3.5) was discussed 
in (Hazanov and Huet, 1994; Hazanov and Amieur, 1995). They proved that the apparent moduli 
under mixed boundary conditions are bounded by those obtained under displacement controlled 
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and traction controlled boundary conditions. The mixed boundary value problem is very 
complicated. In the next section, we choose a special mixed boundary loading, under which we 
investigate the elastoplastic response. 
4. ELASTOPLASTICITY OF A FIBER-REINFORCED COMPOSITE 
4.1. Material model 
Considerable attention has been paid to the modeling of metal-matrix composites (MMC) 
which are made of a ductile metallic matrix with embedded high strength ceramic reinforcements 
such as continuous fibers, whiskers or particles. Since the MMC possess a combination of 
properties such as low density, high strength, stiffness, creep and wear resistance, they are 
appropriate candidates for aerospace and automotive applications. Under longitudinal loading 
(i.e., in the fiber direction) continuous fiber reinforced MMC have demonstrated an excellent 
performance. In this case the material makes full use of high strength fibers. However, the 
continuous fiber reinforced MMC are somewhat limited due to their relatively poor transverse 
properties, and this is what we focus on in the numerical example to follow. 
More specifically, we consider a composite material behavior, which is a special case of 
relation (2.1): it has the same elastic constants (Young’s Moduli E and Poisson ratio v ) for both 
matrix and fiber, and the fiber-matrix interface is perfectly bonded. Both phases are isotropic, 
and fibers are linear elastic while matrix is elastoplastic. We take p = 1 to denote the matrix, and 
p = 2 to denote the inclusion material. 
For the matrix, the von Mises yield criterion is used, and the rate-independent plasticity 
with associated flow rule and isotropic hardening is assumed. The matrix’ stress-strain curve is 
characterized by a piece-wise power-law (e.g., Dowling, 1993) 
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E l & , ,  if E S E ,  
-- .i - (4.1) 
with yield stress 60 = EEO , and E, is the yield strain. When N = 0,  the material is perfectly 
plastic, and when N = 1, the material is linearly elastic. 
4.2. Numerical results 
We assume plane strain deformation and use small deformation theory. Our material is 
homogeneous before yielding and the response is linear elastic under applied loading (3.3), (3.4) 
or (3.5). Also prior to yielding, the stress and strain in the material are uniform and equal to the 
applied loading for each type of boundary condition applied. In the analysis we apply pure shear 
loading through boundary conditions: 
displacement: E, 0 = -E, 0 -  E , E, 0 = 0 ; 
0 0 0 traction: 6, = -CT, = CT, oxy = 0 ; 
0 0 0 mixed: E, = -E, = E , C T ~  = 0 .  
The material constants are: E~ = 1 1300, <ro = 170MPa, N = 0.1, E = 6, = 5lGPa , 
v = 0.3. Volume fraction of fiber is chosen to be 0.35. We take the window sizes to be 6 = 6 and 
20, with examples for these two sizes shown in Fig. 1. The finite element analysis is done by 
ABAQUS 5.5 (Hibbit, Karlson, Sorensen, Inc., 1995) was carried out on 8 and 4 realizations 
B ( o )  of the composite for 6 = 6 and 6 = 20, respectively. 
In Fig. 2 and Fig. 3, the equivalent plastic strain (PEEQ) contour plots are given. Under 
kinematic boundary condition and mixed boundary condition, the applied strain in the x direction 
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is 15 times the yield strain EO , while under traction boundary condition, the applied stress in the 
x direction is the same as the yield stress 00. We can find that directions of shear bands are at 
45" approximately, which is understandable, because we applied bi-directional loading with 
equal amplitude in both directions, and before yielding the material was homogeneous. After 
yielding, however, the material becomes inhomogeneous, so the shear bands will not be at 45" 
direction exactly. 
The patterns of equivalent plastic strain fields, especially shear bands, under the three 
boundary conditions are different. Comparison between the shear band patterns under different 
boundary conditions shows that the uniform distribution of shear bands ranks in the following 
order in terms of boundary conditions: displacement, mixed, traction. Correspondingly, the 
response curves under different boundary conditions rank in the same order in terms of 
hardening effect (see Figs. 4, 5 and 6). Under traction boundary condition, the plastic 
deformation takes place via the weakest regions, and also because shear band formation is such a 
local process that, even though there are some possible paths for new shear bands to form, only 
several shear bands dominate the whole elastoplastic deformation process. When the boundary 
condition is displacement controlled, the main parts of shear bands are constrained within the 
window (see the bright colored parts of shear bands). This is another reason why the response 
curves under displacement condition are higher than those under traction boundary condition. 
The shear band pattern under mixed boundary condition is similar to that under displacement 
condition. However, under mixed condition, major plastic deformation is along several shear 
bands, i.e., more localized than that under displacement one, while this localization is not as 
strong as that under traction boundary condition. This explains that response curve under mixed 
condition is bounded by those under displacement and traction conditions. 
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As the window size increases, due to the random distribution of fibers, it becomes difficult 
for a shear band to find a path through entire window under traction boundary conditions. While 
both Figs 2(c) and 3(c) show that dominating shear bands tend to form at the window corners, 
this ‘comer effect’ decreases with the window size going up. In fact, the pattern of shear bands 
under different conditions is much more alike at large than at small windows, and this illustrates 
the tendency to homogenize with 6 going to infinity. As expected, this is paralleled by the 
decreasing effects of boundary conditions on the response curves displayed in the next figures 
that are discussed below. 
A related investigation, employing periodic boundary conditions on a periodic random 
composite, was carried out by Moulinec and Suquet (1998), wherein the matrix material was 
perfectly-plastic. The plastic flow of the material occurred through infinitesimally thin slip-lines, 
to which our finite-thickness shear bands would tend to in the limit of perfect plasticity (Suquet, 
2000). 
In Fig. 4 to Fig. 5 ,  we plot the relationship between average stress and average strain in x 
direction for each sample. It can be observed that crossing happens between response of different 
random samples. We also observed that the scatter of response curves under displacement 
condition is larger than that under mixed condition, and the scatter under traction is the smallest. 
The scatter of CS = 20 is smaller than that of 6 = 6 .  Since, prior to yielding, the material is 
homogeneous, there are common yielding stress and strain for all random samples under 
different boundary conditions. 
The final comparison is made in Fig. 6. Plotted here are the ensemble average responses 
under displacement and traction boundary conditions for 6 = 6 and 6 = 20 , as well as those 
from the Taylor and Sachs bounds. It can be seen that, in accordance with (3.27) and (3.28), as 
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the window size increases, the elastoplastic bounds under displacement and traction boundary 
conditions become even tighter. As expected, Taylor and Sachs provide broadest possible 
bounds. These bounds not only bound the true effective response, but also bound the response 
under mixed boundary condition. From Fig. 6,  we see that the rates of average response curves, 
i.e., the tangent moduli, satisfies the conjecture (3.43). 
5. CLOSING REMARKS 
We introduced scale-dependent bounds on the effective instantaneous moduli of 
elastoplastic random composite materials with an associated flow rule. These are upper and 
lower bounds obtained from uniform displacement and traction boundary conditions applied to 
finite size domains. We find that, similar to the elastic case, our bounds become tighter with the 
increasing window size. For small window sizes, displacement conditions yield to rather uniform 
patterns of shear bands, while traction conditions lead to highly localized ones. Indeed, the 
approach to the homogenization limit is paralleled by the ever more uniform shear band fields. 
At the same time, the scatter of response curves decreases. Further more, the present study may 
be useful in the research on stability and bifurcation phenomenon in dissipative heterogeneous 
materials. 
The determination of the rate of approach to the classical RVE in random microstructures 
is of interest not only in micromechanics. Consider, for example, the finite element and 
difference methods employed in solution of arbitrary boundary value problems of solid 
mechanics. These methods are typically deterministic in that they tacitly assume that any single 
finite element (or difference) volume is at least the size of the RVE. However, as the mismatch 
in material properties on the microscale increases, the approach to the classical RVE in linear 
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elasticity may be very slow (e.g., Ostoja-Starzewski, 1998) and the finite element is no longer 
described by a deterministic Hooke's law. The finite element plays the role of a mesoscale 
window, and the bounds stemming fiom displacement and traction boundary conditions allow 
establishment of bounds on the global response (Ostoja-Starzewski, 1999b). 
A related situation was recognized in the solution of boundary value problems of 
heterogeneous, perfectly-plastic solids (Ostoja-Starzewski and Ilies, 1996). Choice of a finite 
difference mesh led to the treatment of the yield condition as a random field with variability on 
the scale of a single finite difference cell. However, no micromechanically based information on 
that field was available at the time. We believe this paper is a step in that direction. 
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FIGURE CAPTIONS 
Fig. 1 - Window sample: (a) 6 = 6 ; (b)6 = 20 
Fig. 2 - Contour plot of equivalent plastic strain for window shown in Fig. 1 (a) under different 
boundary conditions: (a) displacement controlled (b) mixed (c) traction controlled 
Fig. 3 - Contour plot of equivalent plastic strain for window shown in Fig. 1 (b) under different 
boundary conditions: (a) displacement controlled (b) mixed (c) traction controlled 
Fig. 4 - Responses of eight sample windows for 6 = 6  under different boundary conditions: 
displacement controlled (dotted lines), mixed (solid lines) and traction controlled (dashed lines) 
Fig. 5 - Responses of four sample windows for 6 = 20 under different boundary conditions: 
displacement controlled (dotted lines), mixed (solid lines) and traction controlled (dashed lines) 
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